The group embeddings used in orbifolding the AdS/CFT correspondence to arrive at quiver gauge field theories are studied for both supersymmetric and non-supersymmetric cases. For an orbifold AdS 5 × S 5 /Γ the conditions for embeddings of the finite group Γ in the SU (4) ∼ O(6) isotropy of S 5 are stated in the form of consistency rules, both for Abelian and Non-Abelian Γ.
Introduction
Independently of the important question of whether or not superstring theory, or M theory, is the correct theory of quantum gravity, superstring theory can be used through the AdS/CFT correspondence [1] to arrive at interesting gauge field theories in four spacetime dimensions.
According to the AdS/CFT correspondence, a Type IIB superstring compactified on an of S 5 in the 3-dimensional complex space C 3 ∼ R 6 . Although O(6) and SU(4) have the same local structure, i.e. Lie algebra, globally O(6) is doubly-covered by SU(4) and this distinction will be important to us here.
Another consideration, already discussed fully in [2] , is the survival of chiral fermions.
The correct statement of the necessary and sufficient condition is that the 4 of SU(4) must be neither real nor pseudoreal for chiral fermions to be present in the quiver gauge field theory.
It is often stated that the number of surviving supersymmetries is N = 2, 1, 0 according to whether Γ ⊂ SU(2), SU(3), SU (4) . While this statement essentially survives our analysis, the statement itself needs sharpening, in particular by a more careful definition of the embedding. The present article is devoted to addressing that issue. N = 1 Embeddings of Abelian Γ in SU(4) and O(6).
To preserve N = 1 supersymmetry one must keep exactly one invariant spinor under the joint action of the finite symmetry Γ and the quiver gauge group, which for Abelian Γ is
SU(N)
p where p is the order of Γ. This implies that one component of the 4 of SU (4) is the trivial singlet representation of Γ.
2
The most general Abelian Γ of order g = o(Γ) is [3, 4] made up of the basic units Z p , the order p cyclic groups formed from the p th roots of unity. It is important to note that the the product Z p Z q is identical to Z pq if and only if p and q have no common prime factor.
If we write the prime factorization of g as:
where the product is over primes, it follows that the number N a (g) of inequivalent abelian groups of order g is given by:
where P (x) is the number of unordered partitions of x. For example, for order g = 144 = 2 4 3 2 the value would be N a (144) = P (4)P (2) = 5 × 2 = 10. For g ≤ 31 it is simple to evaluate This confirms that:
Let us define α = exp(2πi/p) and write the embedding as 4 = (α Consider now the 6 of SU (4) which is the antisymmetric part in (4 × 4). The 6 is necessarily real, and in the double covering of O (6) is identified with the defining "vector"
representation of O(6). In the shorthand notation already adopted for the 4, the 6 is
For general A, the 6 is not real but we must now impose the condition that the diagonal 3 × 3 matrix with diagonal elements α A be a transformation belonging to SU(3), i.e. a matrix which is unitary and of determinant one. This requires that i A i = 0 (mod p). But with that condition we can rewrite (up to mod p)
is manifestly real and hence we have a consistent embedding.
Thus, in this the simplest case, the embedding is uniquely defined for the 4 of SU(4) by the three components (recall A 4 ≡ 0) of A ≡ (A 1 , A 2 , A 3 ) which for consistency must satisfy
. This will always lead to a consistent N = 1 chiral quiver gauge theory.
N = 0 Embeddings of Abelian Γ in SU(4) and O(6).
For N = 0 the discussion is similar to the above except that A 4 does not vanish. Therefore the considerations involve not A with three components but A µ = (A 1 , A 2 , A 3 , A 4 ) with four components.
Consider now the 6 of SU (4) which is the antisymmetric part in (4 × 4). The 6 can be
But here for consistency the 4 × 4 diagonal matrix with diagonal elements α Aµ must be an SU(4) transformation which requires µ A µ = 0 (mod p) in which case the 6 is again manifestly real.
For a consistent N = 0 quiver gauge field theory, therefore, the 4 of SU(4) is defined by four non-vanishing integers A µ satisfying A 1 + A 2 + A 3 + A 4 = 0 (mod p). This is the necessary and sufficient condition for consistent Abelian orbifolding to N = 0.
Similar results hold for products of abelian groups, e.g., for Γ = Z p Z Q we can write
, e A 4 e B 4 ) where we require µ A µ = 0 (mod p) and µ B µ = 0 (mod q).
N = 1 Embeddings of Non-Abelian Γ in SU(4) and O(6).
As usual, going from Abelian Γ to Non-Abelian Γ makes everything more complicated. This is why paper [2] is necessarily much longer than e.g. This will generically lead to an N = 1 supersymmetric quiver gauge theory.
The consistency requirements for this Non-Abelian embedding are very demanding and may be stated as the three rules for N = 1:
1. Exactly one component of the 4 of SU(4) must be the identity of Γ. That is,
where the ρ i ′ are irreducible representations (not the identity) of Γ satisfying Let us summarize the consistency conditions for the four cases considered:
Abelian Γ; N = 1.
